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Abstract
We call a space X weakly linearly Lindelo¨f if for any family U of non-
empty open subsets of X of regular uncountable cardinality κ, there exists
a point x ∈ X such that every neighborhood of x meets κ-many elements
of U . We also introduce the concept of almost discretely Lindelo¨f spaces
as the ones in which every discrete subspace can be covered by a Lindelo¨f
subspace. We prove that, in addition to linearly Lindelo¨f spaces, both
weakly Lindelo¨f spaces and almost discretely Lindelo¨f spaces are weakly
linearly Lindelo¨f.
The main result of the paper is formulated in the title. It implies,
among other things, that every weakly Lindelo¨f monotonically normal
space is Lindelo¨f; this result seems to be new even for linearly ordered
topological spaces.
We show that, under the hypothesis 2ω < ωω, if the co-diagonal ∆
c
X =
(X ×X)\∆X of a space X is discretely Lindelo¨f, then X is Lindelo¨f and
has a weaker second countable topology; here ∆X = {(x, x) : x ∈ X} is
the diagonal of the space X. Moreover, the discrete Lindelo¨fness of ∆cX
together with the Lindelo¨f Σ-property of X imply that X has a countable
network.
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1 Introduction
The closures of discrete sets determine quite a few topological properties of a
space X . For example, if D is compact for any discrete D ⊂ X , then X is
compact [17]. If D is linearly (hereditarily) Lindelo¨f for each discrete subset
D ⊂ X , then X is linearly (hereditarily) Lindelo¨f as well [2]. In case when X is
compact, countable character of the closures of all discrete subsets of X implies
that χ(X) ≤ ω; this was proved in [2].
If P is a topological property, it is said that a space X is discretely P if
D has P for any discrete set D ⊂ X . Thus, every discretely compact space
is compact. However, it is an open problem of Arhangel’skii [4] whether every
discretely Lindelo¨f space is Lindelo¨f. It is easy to see that a linearly Lindelo¨f
space X must be Lindelo¨f if l(X) < ωω. Besides, it is a result of Arhangel’skii
and Buzyakova [5] that any discretely Lindelo¨f space of countable tightness is
Lindelo¨f.
Since there is still a possibility that not all discretely Lindelo¨f spaces are
Lindelo¨f, a natural line of research is to find out in which classes discrete Lin-
delo¨fness implies Lindelo¨fness and to try to prove for discretely Lindelo¨f spaces
the classical results known for Lindelo¨f ones. In this spirit, it was proved in
[22] that every discretely Lindelo¨f monotonically normal space is Lindelo¨f. If
X is a Tychonoff space and ∆X = {(x, x) : x ∈ X} is its diagonal, then the
Lindelo¨f property of the set ∆cX = (X ×X)\∆X implies that X is Lindelo¨f and
iw(X) ≤ ω, i.e., X has a weaker second countable topology (see [3, Theorem
2.1.8]). Clearly, it would be interesting to prove the same for spaces X such
that ∆cX is discretely Lindelo¨f. The respective open questions were formulated
in [1] and [7]. It is also worth mentioning that it is an open question (attributed
in [16] to Arhangel’skii and Buzyakova) whether linear Lindelo¨fness of ∆cX for
a compact X implies that X is metrizable.
Burke and Tkachuk established in [7] that for any countably compact space
X , discrete Lindelo¨fness of ∆cX implies that X is compact and metrizable. It
was asked in [1] whether the same is true if the space X is pseudocompact and
∆cX is discretely σ-compact. In this paper we show that discrete σ-compactness
of ∆cX implies hl(X × X) ≤ ω; it is easy to deduce from this fact that the
answers to Questions 5.8 and 5.9 of the paper [1] are positive. We show that,
under 2c < ωω, any Tychonoff space X such that ∆
c
X is discretely Lindelo¨f must
be Lindelo¨f and has countable i-weight. Besides it is true in ZFC that discrete
Lindelo¨fness of ∆cX implies that X has a small diagonal. In particular, if X is
a Lindelo¨f Σ-space and ∆cX is discretely Lindelo¨f, then the space X is cosmic;
this answers Problem 4.6 from the paper [7].
We also introduce the classes of almost discretely Lindelo¨f spaces and weakly
linearly Lindelo¨f spaces. It turns out that these classes have nice properties; be-
sides, any weakly linearly Lindelo¨f and monotonically normal space is Lindelo¨f.
This result, which we consider to be interesting in itself, seems to be new even
for weakly Lindelo¨f linearly ordered topological spaces.
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2 Notation and terminology
All spaces are assumed to be T1. Given a space X , the family τ(X) is its
topology and τ∗(X) = τ(X)\{∅}; besides, τ(x,X) = {U ∈ τ(X) : x ∈ U} for
any x ∈ X ; if A ⊂ X then τ(A,X) = {U ∈ τ(X) : A ⊂ U}. All ordinals are
identified with the set of their predecessors and are assumed to carry the order
topology. We denote by c the cardinal 2ω, by D the set {0, 1} with the discrete
topology and N = ω\{0}. If X is a space then ∆X = {(x, x) : x ∈ X} ⊂ X ×X
is the diagonal of X . A space X is said to have a small diagonal if for any
uncountable set A ⊂ ∆cX = (X ×X)\∆X , there exists an uncountable B ⊂ A
such that B ∩∆X = ∅.
The cardinal l(X) = min{κ : every open cover of X has a subcover of car-
dinality at most κ} is called the Lindelo¨f number of X and hl(X) = sup{l(Y ) :
Y ⊂ X} is the hereditary Lindelo¨f number of X . A space X is called Lindelo¨f
if l(X) ≤ ω. If for every open cover U of a space X there exists a countable
U ′ ⊂ U such that
⋃
U ′ is dense in X , then the space X is called weakly Lin-
delo¨f. A space X is called generalized ordered space or simply GO space if X is
homeomorphic to a subspace of a linearly ordered space.
We say that a family F of subsets of a space X is a network modulo a cover
C if for any C ∈ C and U ∈ τ(C,X) there exists F ∈ F such that C ⊂ F ⊂ U .
A Tychonoff space X is Lindelo¨f Σ (or has the Lindelo¨f Σ-property) if there
exists a countable family F of subsets of X such that F is a network modulo a
compact cover C of the space X . A space X is called monotonically normal if
it admits an operator O (called the monotone normality operator) that assigns
to any point x ∈ X and any U ∈ τ(x,X) a set O(x, U) ∈ τ(x,X) such that
O(x, U) ⊂ U and for any points x, y ∈ X and sets U, V ∈ τ(X) such that x ∈ U
and y ∈ V , it follows from O(x, U) ∩O(y, V ) 6= ∅ that x ∈ V or y ∈ U .
As usual, we denote by d(X) the minimal cardinality of a dense subset of X
and hd(X) = sup{d(Y ) : Y ⊂ X}. The minimal cardinality of a local base at
a point x ∈ X is called the character of X at x; it is denoted by χ(x,X) and
χ(X) = sup{χ(x,X) : x ∈ X}. If X is a space and x ∈ X then let ψ(x,X) =
min{|U| : U ⊂ τ(X) and
⋂
U = {x}} and ψ(X) = sup{ψ(x,X) : x ∈ X}; the
cardinal ψ(X) is called the pseudocharacter of the space X . Given an infinite
cardinal κ we say that t(X) ≤ κ if, for any A ⊂ X and x ∈ A there exists a set
B ⊂ A such that |B| ≤ κ and x ∈ B. For a Tychonoff space X , the cardinal
iw(X) = min{κ : the space X has a weaker Tychonoff topology of weight κ} is
called the i-weight of X . The cardinal c(X) = sup{|U| : U ⊂ τ∗(X) is disjoint}
is the Souslin number of X ; the spaces whose Souslin number is countable are
said to have the Souslin property.
Given a space X , a family N of subsets of X is a network of X if for every
U ∈ τ(X) there exists a family N ′ ⊂ N such that U =
⋃
N ′. Furthermore,
nw(X) = min{|N | : N is a network in X}. The cardinal nw(X) is the network
weight of X ; the spaces with a countable network are called cosmic. If κ is an
infinite cardinal, then a space X is said to be κ-monolithic if nw(A) ≤ κ for any
set A ⊂ X such that |A| ≤ κ. For a set A ⊂ X , we say that x ∈ X is a complete
accumulation point of A if |U ∩ A| = |A| for every U ∈ τ(x,X).
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The rest of our terminology is standard and follows [8]; the survey [11]
and the book [12] can be consulted for definitions and properties of cardinal
invariants.
3 The results
We start by giving some results that involve assumptions of discrete Lindelo¨fness
type on the co-diagonal. Our main aim is to show that it is consistent with ZFC
that discrete Lindelo¨fness of the co-diagonal of a Tychonoff space X implies the
Lindelo¨fness of X and the existence of a weaker second countable Tychonoff
topology on X .
3.1 Proposition. If X is a Tychonoff space and ∆cX is discretely σ-compact,
then hl(X ×X) = ω.
Proof. IfK is a compact subset ofX , then the space ∆cK is discretely σ-compact
being a closed subset of ∆cX . ThereforeK is metrizable by Proposition 3.3 of [7].
This shows that all compact subsets in X and hence in X×X are metrizable. If
D ⊂ ∆cX is discrete, then D is the union of countably many metrizable compact
subsets (the bar denotes the closure in ∆cX) and hence hl(D) ≤ nw(D) ≤ ω.
It follows from Proposition 2.1 of [2] that hl(∆cX) ≤ ω. Finally, observe that
hl(X ×X) = hl(∆cX) ≤ ω.
The following corollary solves Questions 5.8 and 5.9 from the paper [1].
3.2 Corollary. Suppose that X is a Tychonoff space and ∆cX is discretely σ-
compact.
(a) If X is pseudocompact, then it is compact and metrizable.
(b) If X is a Lindelo¨f Σ-space, then it is cosmic.
Proof. Apply Proposition 3.1 to see that in both cases, hl(X × X) ≤ ω and
hence iw(X) ≤ ω (see [3, Theorem 2.1.8]). For the case (a) this implies that X
is compact and metrizable by Problem 140 of the book [19]. For the case (b)
we can conclude that nw(X) ≤ ω applying [18, Theorem 2].
3.3 Theorem. Suppose that X is a Hausdorff space such that ∆cX is discretely
Lindelo¨f. Then hl(X) ≤ c and hence |X | ≤ 2c.
Proof. Take any discrete subspace D ⊂ X and consider the set F = D. Since
∆cF is a closed subspace of ∆
c
X , it must be discretely Lindelo¨f. It is straightfor-
ward to check that the set (D×D)\∆F is discrete and dense in ∆cF , hence ∆
c
F
is Lindelo¨f and so is F . Using the Lindelo¨f property of ∆cF it is easy to find a
family U = {Un, Vn : n ∈ ω} of open subsets of F such that Un ∩ Vn = ∅ for
every n ∈ ω and
⋃
{Un × Vn : n ∈ ω} = ∆cF . It is immediate that the family
U is (even T2-)separating, so |F | ≤ c by [11, Theorem 3.7(a)]. This means that
|D| ≤ c holds for any discrete D ⊂ X and, consequently, hl(X) ≤ c. Indeed,
this is immediate from the fact that hl(X) is also the supremum of the sizes
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of all right separated (i.e. scattered) subspaces of X . Then |X | ≤ 2hl(X) ≤ 2c
follows.
The following corollary gives a consistent answer to Problem 4.5 from the
paper [7].
3.4 Corollary. Assume that c < ωω and X is a regular space such that its
co-diagonal ∆cX is discretely Lindelo¨f. Then actually ∆
c
X is Lindelo¨f and hence
l(X ×X) = iw(X) = ω.
Proof. It follows from Theorem 3.3 that l(∆cX) ≤ hl(∆
c
X) ≤ c < ωω. Every
discretely Lindelo¨f space Z is Lindelo¨f if l(Z) < ωω, so ∆
c
X is Lindelo¨f. It is
immediate from this that l(X × X) = l(∆cX) = ω . But then X is a regular
Lindelo¨f space with a Gδ-diagonal, which implies iw(X) = ω by [3, Theorem
2.1.8].
Next we introduce and study a couple of weakenings of the discretely Lindelo¨f
property.
3.5 Definition. A space X will be called almost discretely Lindelo¨f if for any
discrete set D ⊂ X , there exists a Lindelo¨f set L ⊂ X such that D ⊂ L.
The following proposition lists a few basic properties of this concept. Its
proof is straightforward and so is left to the reader.
3.6 Proposition. (a) if X is almost discretely Lindelo¨f, then ext(X) ≤ ω.
(b) Any discretely Lindelo¨f space is almost discretely Lindelo¨f.
(c) Any space of countable spread if almost discretely Lindelo¨f.
(d) Any continuous image of an almost discretely Lindelo¨f space is almost dis-
cretely Lindelo¨f.
3.7 Theorem. If X is an almost discretely Lindelo¨f Hausdorff space such that
ψ(X) ≤ ω and t(X) ≤ ω, then |X | ≤ 2c.
Proof. If D ⊂ X is discrete, then there exists a Lindelo¨f subspace L of the space
X such that D ⊂ L. But then it follows from ψ(L) · t(L) ≤ ψ(X) · t(X) ≤ ω that
|L| ≤ c (see [3, Theorem 1.1.10]) and hence |D| ≤ |L| ≤ c. Thus we have shown
that s(X) ≤ c. But then we may conclude |X | ≤ 2s(X)·ψ(X) ≤ 2c applying say
2.15 (a) of [12].
Coupling the above proof with the argument we used in the proof of Theorem
3.3 we get the following result.
3.8 Corollary. If X is an almost discretely Lindelo¨f Hausdorff space of char-
acter χ(X) ≤ ω, then hl(X) ≤ c (and hence |X | ≤ 2c).
We do not know if the upper bound 2c for the cardinality can be improved
to c in the above two results.
The second new concept we introduce is the weakly linearly Lindelo¨f property
that figures in the title of our paper. As we shall see, it is actually a weakening
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of the previously treated almost discretely Lindelo¨f property. Our aim is to
prove that every monotonically normal and weakly linearly Lindelo¨f space is
Lindelo¨f, as is stated in the title. We think, however, that this new concept is
also interesting in itself.
3.9 Definition. We say that a space X is weakly linearly Lindelo¨f if for any
family U ⊂ τ∗(X) such that κ = |U| is an uncountable regular cardinal, we can
find a point x ∈ X such that every V ∈ τ(x,X) intersects κ-many elements of
U . Such a point x is called a complete accumulation point of U .
The following result implies that in the definition of weak linear Lindelo¨fness
we could have restricted ourselves to disjoint families U of open sets.
3.10 Proposition. Let X be any space and assume that U ⊂ τ∗(X) is such
that κ = |U| is a regular cardinal, moreover U has no complete accumulation
point. Then there is a disjoint family V ⊂ τ∗(X) with κ = |V| such that V has
no complete accumulation point either.
Proof. We are going to define, by transfinite recursion on α < κ, sets Uα ∈ U
and Vα ∈ τ∗(X) with Vα ⊂ Uα such that α 6= β implies both Uα 6= Uβ and
Vα ∩ Vβ 6= ∅. Clearly, then V = {Vα : α < κ} is as required.
So, assume that α < κ and for every β < α we have defined Uβ ∈ U and
Vβ ∈ τ∗(X) with Vβ ⊂ Uβ with the additional property that
|{U ∈ U : U ∩ Vβ 6= ∅}| < κ .
The regularity of κ then implies that we can choose Uα ∈ U that is disjoint
from Vβ for all β < α. But no point of Uα is a complete accumulation point
of U by our assumption, hence we may clearly find a non-empty open Vα ⊂ Uα
for which |{U ∈ U : U ∩ Vα 6= ∅}| < κ. Clearly, Vα is disjoint from Vβ and
hence Uα 6= Uβ for all β < α. This shows that our inductive procedure can be
completed.
The proofs of the following two propositions are straightforward and hence
are left to the reader.
3.11 Proposition. Suppose that X is a weakly linearly Lindelo¨f space. Then
(a) any locally countable family U ⊂ τ∗(X) is countable;
(b) collectionwise normality of X implies ext(X) ≤ ω;
(c) every continuous image of X is weakly linearly Lindelo¨f;
(d) every regular closed subspace of X is weakly linearly Lindelo¨f;
(e) if X is a dense subspace in a space Y , then Y is weakly linearly Lindelo¨f;
(f) if K is compact and Hausdorff, then X ×K is weakly linearly Lindelo¨f;
(g) every perfect irreducible preimage of a weakly linearly Lindelo¨f space is
weakly linearly Lindelo¨f.
3.12 Proposition. If X is a space such that X =
⋃
n∈ωXn and every Xn is
weakly linearly Lindelo¨f, then so is X.
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3.13 Example. Under CH, Michael constructed in [14] an example of a reg-
ular Lindelo¨f space X such that X × X is paracompact but not Lindelo¨f. As
a consequence, there exists a discrete uncountable family of non-empty open
subsets in X ×X . Applying Proposition 3.11 (b), we conclude that X ×X is
not weakly linearly Lindelo¨f. This shows that compact cannot be replaces by
Lindelo¨f in Proposition 3.11 (f).
3.14 Theorem. (a) Every linearly Lindelo¨f space is weakly linearly Lindelo¨f;
(b) every almost discretely Lindelo¨f space is weakly linearly Lindelo¨f;
(c) every weakly Lindelo¨f space is weakly linearly Lindelo¨f.
Proof. (a) and (b) Assume that the space X is linearly Lindelo¨f or almost dis-
cretely Lindelo¨f. Clearly, then every discrete subset of X of uncountable regular
cardinality has a complete accumulation point. Now take any disjoint family
U = {Uα : α < κ} ⊂ τ∗(X) for some uncountable regular cardinal κ and for ev-
ery α < κ pick a point xα ∈ Uα. Then the, clearly discrete, set {xα : α < κ} has
a complete accumulation point x by the above. It is obvious then that x is also
a complete accumulation point of the family U and therefore, by Proposition
3.10, the proof is completed.
(c) Suppose that X is a weakly Lindelo¨f space and U ⊂ τ∗(X) is a family of
an uncountable regular cardinality κ that has no complete accumulation point.
For every x ∈ X we can take a set Vx ∈ τ(x,X) such that the family Px = {U ∈
U : U ∩ Vx 6= ∅} has cardinality less than κ. For the open cover {Vx : x ∈ X} of
the spaceX we can find a countable set B ⊂ X such that
⋃
{Vx : x ∈ B} is dense
in X . As an immediate consequence,
⋃
{Px : x ∈ B} = U which contradicts the
regularity of κ because |Px| < κ for all x ∈ B.
Our proof actually shows that in a weakly Lindelo¨f space X every family
U ⊂ τ∗(X) whose cardinality has uncountable cofinality admits a complete
accumulation point.
Now we turn to presenting our main result formulated in the title of our
paper. An earlier version of the result used the following lemma that, however,
was replaced by the use of part (b) of Proposition 3.11. Still, we decided to keep
it because we think it has some independent interest.
3.15 Lemma. Assume that X is a collectionwise normal space and Y is a
dense subspace of X. Then ext(X) ≤ ext(Y ).
Proof. Suppose that ext(Y ) = κ and D ⊂ X is a closed discrete subspace such
that |D| = κ+. Then there exists a discrete family U = {Ud : d ∈ D} ⊂ τ(X)
such that d ∈ Ud for any d ∈ D. Pick a point x(d) ∈ Ud ∩ Y for every d ∈ D.
Then D′ = {x(d) : d ∈ D} is a closed discrete subset of Y with |D′| = κ+ which
is a contradiction.
The following example shows that we cannot replace the extent with the
Lindelo¨f number in Lemma 3.15.
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3.16 Example. If X = {x ∈ Dω1 : |x−1(1)| ≤ ω} is the Σ-product in Dω1 , then
X is a collectionwise normal non-Lindelo¨f space (see Problem 102 of the book
[21]) which has the dense σ-compact subspace S = {x ∈ Dω1 : |x−1(1)| < ω}.
3.17 Theorem. Every monotonically normal and weakly linearly Lindelo¨f space
is Lindelo¨f.
Proof. Let X be a monotonically normal and weakly linearly Lindelo¨f space.
Then X is collectionwise normal, hence we can apply part (b) of Proposition
3.11 to conclude that ext(X) ≤ ω. But every paracompact space of countable
extent is Lindelo¨f, so it suffices to prove that X is paracompact.
If X is not paracompact, then we can apply the celebrated characterization
theorem of Balogh and Rudin (see [6, Theorem I]) to conclude that there exists
a closed set F ⊂ X homeomorphic to a stationary subset of some uncountable
regular cardinal κ. The set F being scattered, we can choose a discrete subspace
D ⊂ F such that D = F . Note that we have |D| = |F | = κ.
Clearly, the set D has no complete accumulation point in F and hence in X .
Thus, for any point x ∈ X we may pick an open neighborhood Wx ∈ τ(x,X)
such that |D∩Wx| < κ. It follows from the hereditary collectionwise normality of
X that we can find a set Vd ∈ τ(d,X) for every d ∈ D such that Vd∩ (F\D) = ∅
and the family {Vd : d ∈ D} is disjoint.
Fix a monotone normality operator O for X and consider the family U =
{O(d, Vd) : d ∈ D} ⊂ τ∗(X). Then U is disjoint and its cardinality is equal to
κ. If x ∈ Vd for some d ∈ D, then Vd trivially witnesses that x is not a complete
accumulation point of U . If, on the other hand, x ∈ X\
⋃
{Vd : d ∈ D}, then
O(x,Wx) ∩O(d, Vd) 6= ∅ must imply that d ∈Wx, consequently we have
{d ∈ D : O(x,Wx) ∩O(d, Vd) 6= ∅} ⊂ D ∩Wx.
But then, as |D ∩Wx| < κ, we conclude that x is not a complete accumulation
point of U . As a consequence, the family U has no complete accumulation
point in X , contradicting the weak linear Lindelo¨fness of the space X and thus
completing the proof.
From Theorems 3.14 and 3.17 we immediately get the following.
3.18 Corollary. Suppose that X is a monotonically normal space possessing
any one of the following properties: weak Lindelo¨fness, linear Lindelo¨fness, or
almost discrete Lindelo¨fness. Then X is Lindelo¨f.
Moreover, from part (e) of Proposition 3.11 we may obtain the following
statement that is formally stronger than Theorem 3.17.
3.19 Corollary. If a monotonically normal space has a dense weakly linearly
Lindelo¨f subspace, then it is Lindelo¨f.
It is well-known that spaces of countable cellularity, i.e. spaces X with
c(X) = ω, are examples of weakly Lindelo¨f spaces that are not necessarily
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Lindelo¨f. However, we have c(X) = hl(X) for every monotonically normal space
X (see e.g., [9, Theorem A]), consequently Theorem 3.17 says nothing new for
monotonically normal spaces of countable cellularity. However, Corollary 3.18
seems to give us new information even for linearly ordered spaces:
3.20 Corollary. Every weakly Lindelo¨f GO space is Lindelo¨f.
3.21 Corollary. If a GO space X has a dense linearly Lindelo¨f subspace, then
X is Lindelo¨f.
3.22 Example. Any countably compact but non-compact S-space is an exam-
ple of an almost discretely Lindelo¨f space that is not linearly Lindelo¨f. Such
examples are the HFD space constructed from CH in [13] that is hereditarily
collectionwise normal and Ostaszewski’s space constructed in [15] from Jensen’s
Axiom ♦ that is even perfectly normal (and hence first countable). While both
of these examples have countable tightness, we recall that every discretely Lin-
delo¨f space of countable tightness must be Lindelo¨f by [5, Corollary 3.5]. These
examples also show that monotone normality cannot be weakened essentially in
Theorem 3.17.
We do not know whether an example of an almost discretely Lindelo¨f but
not linearly Lindelo¨f space can be given in ZFC.
To conclude our paper, we now present a couple of results that involve co-
diagonals and the almost discrete Lindelo¨fness property.
3.23 Theorem. Suppose that X is a regular space and its co-diagonal ∆cX has
the following properties:
(a) The closure of any countable discrete subset of ∆cX in ∆
c
X is Lindelo¨f;
(b) ∆cX is almost discretely Lindelo¨f.
Then X has small diagonal.
Proof. Consider any set A ⊂ ∆cX with |A| = ω1. We can assume that
(∗) A has no complete accumulation points in ∆cX .
Insdeed, if z ∈ ∆cX is a complete accumulation point point of A in ∆
c
X , then we
may choose a set U ∈ τ(z,X ×X) such that U ∩∆X = ∅. (The closure is taken
in X ×X .) But then B = U ∩ A ⊂ A is uncountable and B ∩∆X = ∅.
Take any point x0 ∈ A and a set U0 ∈ τ(x0, X ×X) such that U0 ∩∆X = ∅
and U0 ∩ A is countable. Proceeding by induction assume that α < ω1 and we
have a set Dα = {xβ : β < α} ⊂ ∆cX and a family {Uβ : β < α} ⊂ τ(X ×X)
with the following properties:
(4) xβ ∈ Uβ ∩A, the set Uβ ∩A is countable and Uβ ∩∆X = ∅ for every β < α;
(5) xβ /∈ Qβ =
⋃
{Uγ : γ < β} ∪ {xγ : γ < β} for each β < α.
If the set Qα =
⋃
{Uγ : γ < α} ∪ {xγ : γ < α} covers A, then the induction
procedure stops. If not, then we pick a point xα ∈ A\Qα and choose a set
Uα ∈ τ(xα, X ×X) such that Uα ∩∆X = ∅ and Uα ∩A is countable. It is clear
that conditions (4) and (5) are satisfied for all β ≤ α.
9
Let us observe first that every set Dα constructed above is discrete because
for any ordinal β < α we have
Uβ ∩
(
X ×X \{xγ : γ < β}
)
∩Dα = {xβ} .
Now, assume first that our inductive procedure ended at some step α < ω1,
i.e. A ⊂ Qα. Then A ∩
⋃
{Uγ : γ < α} is countable, hence this implies that
A ∩ Dα is uncountable. But by condition (a) Dα ∩∆cX is Lindelo¨f, hence the
set A must have a complete accumulation point in Dα ∩∆cX , contradicting (∗).
If on the other hand our procedure lasts ω1-many steps, then we have con-
structed an uncountable discrete set D = {xα : α < ω1} ⊂ A. Then, by
condition (b), there exists a Lindelo¨f set L ⊂ ∆cX such that D ⊂ L and so
the uncountable set D ⊂ A must have a complete accumulation point in L and
hence in ∆cX . But this again contradicts (∗).
3.24 Corollary. If X is a regular space and its co-diagonal ∆cX is discretely
Lindelo¨f, then X has small diagonal.
3.25 Corollary. Suppose that X is an ω-monolithic regular space such that ∆cX
is almost discretely Lindelo¨f. Then X has small diagonal.
The following statement gives a positive answer to Problem 4.6 from the
paper [7] and Question 5.8 from [1].
3.26 Corollary. If X is a Lindelo¨f Σ-space such that ∆cX is discretely Lindelo¨f,
then X has a countable network.
Proof. Given a compact K ⊂ X observe that ∆cK is discretely Lindelo¨f being a
closed subspace of ∆cX . By [7, Proposition 3.3], the space K is metrizable. Since
all compact subsets of X are metrizable and X has small diagonal by Corol-
lary 3.24, we can apply [10, Theorem 2.1] to conclude that X has a countable
network.
3.27 Corollary. Suppose that X is an ω-monolithic compact Hausdorff space of
countable tightness. If ∆cX is almost discretely Lindelo¨f, then X is metrizable.
In particular, if X is a Corson compact space and ∆cX is almost discretely
Lindelo¨f, then X is metrizable.
Proof. It follows from Theorem 3.23 that the space X has small diagonal. But
any compact ω-monolithic space of countable tightness with a small diagonal is
metrizable by [20, Problem 296].
3.28 Example. In [23], Kunen and de la Vega constructed under CH a non-
metrizable compact Hausdorff space X such that Xn is hereditarily separable
for all n ∈ N. In particular, then ∆cX is hereditarily separable and hence almost
discretely Lindelo¨f. Thus, almost discrete Lindelo¨fness of ∆cX does not imply
the metrizability of a compact space X , at least consistently.
It is easy to see that for the Kunen–de la Vega example X we have w(X) =
ω1. Since every compact space having small diagonal and weight ω1 is metriz-
able, the space X cannot have small diagonal (see Problem 295 of the book
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[20]). Therefore, under CH, the almost discrete Lindelo¨fness of ∆cX does not
imply that X has small diagonal for a compact Hausdorff space X .
We do not know whether there exists in ZFC a non-metrizable compact space
X whose co-diagonal ∆cX is almost discretely Lindelo¨f.
4 Open questions
Since it is still not known whether every discretely Lindelo¨f space is Lindelo¨f,
it is important to find out in which stituations discrete Lindelo¨fness implies
Lindelo¨fness or some weaker property. The list of respective open questions is
given below.
4.1 Question. Is every almost discretely Lindelo¨f space weakly Lindelo¨f?
4.2 Question. Is every discretely Lindelo¨f space weakly Lindelo¨f?
4.3 Question. Suppose that X is a space such that ∆cX is discretely σ-compact.
Is it true that X is cosmic?
4.4 Question. Suppose that X is a pseudocompact space such that ∆cX is dis-
cretely Lindelo¨f. Is it true in ZFC that X is compact and metrizable?
4.5 Question. Suppose that X is an almost discretely Lindelo¨f first countable
space. Then |X | ≤ 2c but is it true that |X | ≤ c?
4.6 Question. Is there a ZFC example of an almost discretely Lindelo¨f space
that is not Lindelo¨f?
4.7 Question. Suppose that ∆cX is a discretely Lindelo¨f Tychonoff space. Is it
true in ZFC that then X is Lindelo¨f? and iw(X) ≤ ω?
4.8 Question. Suppose that ∆cX is a discretely Lindelo¨f Tychonoff space. Is it
true in ZFC that X has a Gδ-diagonal?
4.9 Question. Suppose that ∆cX is discretely Lindelo¨f. Is it true in ZFC that
X is Lindelo¨f?
4.10 Question. Suppose that ∆cX is discretely Lindelo¨f. Is it true in ZFC that
|X | ≤ c?
4.11 Question. Suppose that X is a monotonically normal space and Y ⊂ X
is dense in X. Is it true that l(X) ≤ l(Y )?
4.12 Question. Suppose that X is discretely Lindelo¨f and K is a compact
space. Must X ×K be discretely Lindelo¨f?
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